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By considering families of radial null geodesics, we study the subsets of initial data that lead
to naked singularities and black holes in inhomogeneous spherical dust collapse. We introduce
the notion of central homogeneity for spherical dust collapse and prove that for the occurrence
of naked singularities, the initial data set must in general be centrally homogeneous. Even though
mathematically this indicates that naked singularities are in general unstable, we show that centrally
inhomogeneous perturbations in the initial data are not physically reasonable. This provides an
example of the fact that instability in this context deduced with respect to general perturbations
can become stabilised once the class of perturbations are restricted to be physical.
This is a potentially important point to bear in mind in the general debates regarding the generic
presence of naked singularities in gravitational collapse and in more general debates concerning the
questions of genericity in general relativity.
I. INTRODUCTION
It is now well known that, subject to a number of physically reasonable assumptions, final state singularities arise
in solutions of Einstein’s equations in a range of settings (see e.g. [6,19]). What is not known in general - and this
is one of the key outstanding questions in classical general relativity at the moment - is the nature of the resulting
singularities and in particular whether and under what conditions they may be naked (NS) or black holes (BH) [17,8].
A great deal of effort has gone into the study of this question over the recent years. Given the complexity of the
full Einstein’s equations, these studies have mainly concentrated on the spherically symmetric collapse and fall into
a number of categories. One of the mathematically most developed of these, due to Christodoulou [2,3], concentrates
on the spherical gravitational collapse of a scalar field and shows that naked singularities do indeed occur [2], but
that in a certain sense they are unstable [3].
Another group of works has concentrated on showing the occurrence of NS solutions in a variety of spherical
symmetric space–times with several examples of field–sources, including dust [5], perfect fluids [15,10], imperfect
fluids [14,12] and radiation [8]. In particular it has been shown that in spherical dust collapse, given any initial
density profile for the collapsing cloud, the corresponding velocity profile may be chosen such that the collapse may
eventually result either in a BH or a NS [5].
In this way, both groups of works demonstrate that the end result of spherical collapse depends upon the nature of
the initial data.
Our aim here is to make a more thorough study of the outcomes of the inhomogeneous spherical dust collapse and
in particular to study the nature of subsets of initial data I corresponding to NS and BH.
The structure of the paper is as follows. In section 2 we give a brief description of the spherical dust collapse. In
Section 3 we summarise physical and other constraints that need to be satisfied by functions that represent the initial
data in these models. Section 4 contains our main results in the form of a number of Lemmas and Propositions and
finally Section 5 contains our conclusions.
II. SPHERICALLY SYMMETRIC DUST COLLAPSE
The inhomogeneous spherically symmetric dust collapse can be represented by the Lemaitre-Tolman-Bondi (LTB)
line element which is given by [13,18,1]
ds2 = −dt2 + R
′2
1 + E
dr2 + R2(dθ2 + sin2 θdφ2), (1)
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where r, θ, φ are the comoving coordinates. The dot and prime denote differentiation with respect to t and r respec-







where M = M(r) is another C2 real function such that M(r) > 0. The evolution equation for the case of R˙ < 0






which can be solved to give




where tc = tc(r) is another real C
2 function that corresponds to the time of arrival of each shell r to the central










, for 1 ≥ x > 0







, for 0 > x > −∞.
Using the coordinate freedom to rescale






where p = −r EM . The collapse is then simultaneous for all shells if t′c(r) = 0, which is the case for the homogeneous
dust collapse.
We note that the metric (1) can be matched at the boundary, say r = rd = const., to the Schwarzschild metric in
the exterior region [11]. Thus the scenario here is that of a collapsing compact matter region matched in the exterior
to the Schwarzschild geometry.
We shall refer to a singularity as naked if there is a family of future directed non–spacelike geodesics which terminate
at the singularity in the past. Here we consider the outgoing radial null geodesics which, as can be seen from (1),
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with the positive real function u = u(r) being monotonically increasing and such that u(0) = 0. Later we will specify
u(r) = rα, α > 0. In the cases where E(r) = 0 we will take β(r) = p(r) = P (r) = 0 by convention.
A subscript ‘0‘ will denote the limit of the associated functions as r → 0 (respectively u→ 0). We should emphasise
that the existence of such limits cannot be assumed a priori and need to be ensured for the given set of initial data
under consideration, as we shall do in the following.
It can be shown from [9] that a sufficient condition for the existence of a naked singularity in spherical symmetric






H(X0, 0)−X0 = 0, (12)
possesses a real positive root. These roots give the possible values of tangents for the outgoing geodesics at the
singularity such that the associated integral curves terminate at the singularity in the past. We note that given the
limiting nature of (12), the forms of E and M in a neighbourhood of r = 0 will play an important role in determining
the possible solutions to this equation.
An interesting outcome of all the studies of the spherical dust collapse in the literature is that for the initial functions
E and M chosen so far, the most general form of the equation (12) becomes a polynomial of degree not greater than
four [9,5]. As we shall see in the next section, this feature is very important in constraining the way the subsets of
initial data corresponding to NS and BH are distributed in I. As a result it is important to ask whether a quartic is
the most general form equation (12) can take.
Another important outcome for these studies is that the occurrence of BH or NS as final outcomes of collapse
depend on the choice of initial data. The question arises as to the nature of the subsets of the initial data that lead
to each of these outcomes and how robust are these outcomes with respect to perturbations in the initial data.
Before discussing these issues in Section 4, we briefly consider, in the next Section, some constraints that are to be
satisfied by the functions E, M (and Θ) on physical grounds.
III. PHYSICAL CONSTRAINTS
In the case of spherical dust collapse the initial data are given in terms of two functions; namely the mass function
for the dust cloud, M = M(r), and the energy function E = E(r), which is related to the initial radial velocity
VI (r) = R˙(0, r) of the shells by




Here we briefly summarise the constraints that these functions, as well as Θ, need to satisfy in order to be physically
acceptable. To begin with, to ensure that the curvature is initially well behaved at the regular centre of the matter
distribution, we demand the condition that the quadratic curvature scalar (the so called Kretschmann scalar) given
by










remains bounded. We should note here that in this case the Ricci scalar is the only term that remains relevant near
origin, if the origin is regular. We have employed the Kretschmann scalar because in addition to encoding all the
information we need from the Riemann invariants, it enables us to ensure that the centre is regular.
To ensure this, as well as the finiteness of the density distribution at the initial epoch, M in the neighbourhood of
the origin needs, in general, to be of the form [22]
3
M(r) = O(ra), a ≥ 3. (15)
If we require ρ(0, 0) 6= 0 then we need in general [20]
M(r) = r3g(r) + O(rm), m > 3, (16)
where g is a C2 function of r that remains finite as r → 0. The condition for the absence of shell-crossing is given by
[5]
Θ(r) ≥ 0. (17)
We also note that the apparent horizon is given by R(r, t) = M(r) [5] and in order to ensure that the initial hyper-
surface does not contain any trapped surfaces we shall require the condition M(r)/R(r, 0) < 1. By a regular initial
data we will mean initial data that satisfies the physical conditions given above.
For simplicity in the following we shall, unless otherwise stated, assume that, in a neighbourhood of r = 0, the









j , Mi, Ej ∈ <. (18)
We shall refer to the first and second non-vanishing powers of M and E by i0, j0 and i1, j1 respectively. From here
on we shall take u(r) = rα, α > 0 [21]. Letting R = X0r
α in the neighbourhood of the singularity then K ∝ r2(i0−3α)
which implies that K diverges as r → 0 only along geodesics with α > i0/3 which for the case i0 ≥ 3 gives α > 1. We
shall use this condition in the next section in the proofs of the Lemmas.
Finally we recall that for homogeneous initial data with E(r) 6= 0 we have M(r)2 = kE(r)3, k constant, which
for initial data of the form (18) gives tc(r) = const, which in turn implies a simultaneous collapse [23]. The next
definition will be useful in what follows:
Definition: A LTB initial data set is said to be centrally homogeneous if, in a neighbourhood of the origin, given
E(r) 6= 0, M(r)2 ∝ E(r)3 or given E(r) = 0, M(r) ∝ R(0, r)3.









j ; M3 > 0, E2 6= 0, (19)
In the following we shall refer to perturbations which break the central homogeneity of the initial data as centrally
inhomogeneous perturbations.
IV. INITIAL DATA AND SPHERICAL DUST COLLAPSE
In this section we study the final outcomes of the spherical dust collapse as a function of the choice of initial data,
by employing a family of outgoing null geodesics from the origin. In particular, we study the subsets of regular initial
data which give rise to NS solutions in (12). As was shown in [5], finiteness of Λ0 is a necessary condition for the
existence of NS solutions. To ensure this we require that i0 ≥ α. We now note that allowing Θu, P or p to diverge as
r → 0 would make equation (12) singular at r = 0, for any regular initial data with i0 ≥ α and α > 1. Therefore in
the following we shall assume that Θu0 , P0 and p0 are finite.
We begin with a simple (well known) result which demonstrates that in the homogeneous setting the set of initial
data which lead to BH is full.
Lemma 1: Consider the spherically symmetric dust collapse with initial data given by the functions E and M in the
form (18) and assumed to be homogeneous. Then equation (12) has no NS solutions.
Proof: The homogeneity condition for the functions (18) implies 2i0 = 3j0, in the case E(r) 6= 0. On the other hand,
the requirement of finiteness of p0 implies 1 + j0 − i0 ≥ 0 which results in i0 ≤ 3. From condition (14) we obtain
i0 = 3 and the homogeneity implies j0 = 2. This gives Θ(r) = 0 and the equation (12) has then the solutions
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which for α > 1 give X0 ≤ 0. The same conclusion holds for the homogeneous marginally bound case where E(r) = 0
and i0 = 3 2.
We note that the existence of real positive roots to equation (8) basically characterizes the formation and time
development of the apparent horizon as the collapse develops [5]. To understand further the structure of the initial
data in the inhomogeneous dust collapse, it is important, as a first step, to establish how general are the conditions
for which (12) is a polynomial of degree ≤ 4. The following Proposition makes precise the forms that equation (12)
may take in order for the spherical symmetric dust collapse to result in a NS solution.
Proposition 1: Consider the spherically symmetric dust collapse with initial data given by the functions E and M
in the form (18) and assumed to be regular. Then the only non-divergent forms of the equation (12) are polynomials
of degree not greater than four.
Proof: For equation (12) to remain finite in the limit r → 0, the limiting quantities P0, E0, Λ0 and Θu0 need to
remain finite. Let x0 =
√
X0 and recall that u = r
α and that j0 and i0 are the orders of the first non-vanishing
coefficients of E and M respectively. We proceed by considering all different combinations of these limiting quantities
in turn.











0 + Θu0(x0 −
√
Λ0) = 0. (21)
The exponent α can then be chosen such that Θu, ηu and Λ remain finite at r = 0.
(ii) For P0 = E0 = 0, Θu0 6= 0 and Λ0 = 0, equation (21) gives





∧ ηu0 6= 3
)
. (22)





x40 = 0, (23)
which has the solutions x0 = 0 or
1
3ηu0 − 1 = 0.
(iv) For P0 = E0 = 0, Θu0 = 0 and Λ0 6= 0, equation (21) gives






∧ ηu0 6= 3
)
. (24)
(v) Let P0 6= 0, E0 = 0, Θu0 6= 0 for any finite Λ0. We first consider p0 6= 0 (i.e., 1 + j0 − i0 = 0) which, since P0 6= 0
(i.e., α + j0− i0 = 0), implies α = 1 and 1+β0− η0 = 0. Requiring i0 ≥ 3 gives η0− 32β0 ≤ 0 which either contradicts
the assumption P0 6= 0 or violates the shell-crossing condition. Suppose now p0 = 0 which implies α < 1 and in turn
Θu0 = 0, contradicting the assumption Θu0 6= 0 and resulting in equation (12) to become singular.
(vi) Let E0 6= 0 for any finite values of P0, Θu0 and Λ0. Then the only way to make E0 6= 0 (i.e., j0 = 0) and p0
finite (i.e., 1 + j0 − i0 ≥ 0) is to assume i0 ≤ 1, which makes (14) diverge and thus results in equation (12) to become
singular.
(vii) Let E0 = Θu0 = Λ0 = 0 and P0 6= 0. Then from (v) above, with p0 6= 0, we obtain 1 + β0 − η0 = 0 and α = 1.
Now since Θu0 = 0, we necessarily have η0 − 32β0 = 0 which gives i0 = 3 and j0 = 2 and equation (12) becomes
identically satisfied for all x0. The other possibility is p0 = 0 which implies α < 1 which in general results in
x0 = 0 ∨
[














Now since P0 6= 0 implies α + j0− i0 = 0, the first term in the square bracket in the above equation vanishes. On the
other hand, the second term would vanish if x0 = 0 or η0 − 32β0 = 0 (i.e. i0 − 32j0 = 0) which, since p0 = 0, implies





for any P0 < 0. 2
This Proposition shows that in the case of spherical dust collapse, equation (12) can only take a restrict number of
forms with the most general being a polynomial of degree 4 (corresponding to E0 = 0, Θ0 6= 0, P0 = 0 and Λ0 6= 0).
Now an important question is the way the outcome of the spherically symmetric dust collapse relates to the central
homogeneity or otherwise of the initial data. The following Proposition makes this precise.
Proposition 2: Consider the spherically symmetric dust collapse with initial data given by the functions E and M
in the form (18) and assumed to be regular. Let p0 6= 0. For the occurrence of NS solutions in (12) the initial data
set must be centrally homogeneous.
Proof: We shall show that if E and M do not satisfy (19)1 for p0 6= 0, then equations (21)–(25) have no real positive
roots. We shall proceed by considering the following cases:
(i) Let p0 = 0, α < 1. In this case Λ0 = 0, Θu0 = 0 and a non–zero solution of (23) requires η0 < 3 (ie, i0 < 3) which
makes K divergent. Case (vi) of Proposition 1 gives no NS solutions either. In the case of (vii), however, we may find
NS solutions for P0 < 0 and 3 > j0 > 2 and i0 = 3.
(ii) Let p0 = 0, α = 1. This implies P0 = 0 and Λ0 = 0 which, by requiring Θ0 > 0 in (22), means that we would
need to have ηu0 = η0 < 3, which does not satisfy the condition on K. However, NS may arise in the case (iii) of
Proposition 1 with i0 = 3 and j0 > 2.
(iii) Let p0 = 0, α > 1. In this case
Θu = (1− η/3)r 32 (1−α), (27)
which implies that in order to make Θu0 finite we require i0 = 3. But since p0 = 0 (ie, 1+j0− i0 > 0) then in addition
to P0 = 0 we also require j0 > 2, which demonstrates that in this case the presence of NS does not require centrally
homogeneous initial data.
(iv) Let p0 6= 0, α < 1. From p0 6= 0 we have 1 + j0 − i0 = 0. In the case of P0 = 0 and α < 1 we must have
1 + j0 − i0 > 0 which is a contradiction. On the other hand, if P0 6= 0 and p0 6= 0, then α = 1 which is contrary to
our assumptions and hence there are no NS solutions in this case.
(v) Let p0 6= 0, α = 1. These conditions imply P0 6= 0 and therefore from the case (vii) of Proposition 1 we may have
NS solutions only if i0 = 3 and j0 = 2.
(vi) Let p0 6= 0, α > 1. As in case (iii) above, Θ must vanish as r → 0. If we assume K 6= 0 initially we need
i0 = 3, but since p0 6= 0 (i.e., 1 + j0 − i0 = 0), then j0 = 2. On the other hand, if we take K = 0 initially then from
1 + j0 − i0 = 0 we obtain 1 + β0 − η0 = 0 which in order to make Θu0 finite necessitates η0 − 32β0 = 0, which implies
i0 − 32j0 = 0 and hence j0 = 2 and i0 = 3.
The above considerations show that for E(r) 6= 0 and p0 6= 0 we only obtain a NS solution if the lowest order of
the powers of r in M and E are i0 = 3 and j0 = 2 respectively.
1In fact all that is required is that in the case of p0 6= 0 the power expansion of E and M have lower powers of r given by 2
and 3 respectively.
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In the case of E(r) = 0 we have β(r) = p(r) = P (r) = 0 and Θ(r) = 1− 13η. If η0 > 3, then Θ < 0 which violates
the shell-crossing condition. If η0 < 3, then i0 < 3 which makes K divergent. So, the only possibility is to have η0 = 3
(ie, i0 = 3) 2.
We note that this result essentially follows from the non-shell-crossing conditions and the initial regularity of K.
The above Proposition shows that unless p0 = 0, inhomogeneous neighbourhoods of the centrally homogeneous
initial data do not in general result in NS. Now p0 = 0 implies that as we approach the origin the solution describing
the matter distribution tends to a marginally bound solution (given by (4) and (5)), which is rather special. This
then indicates that in general in order to have NS only small departures from homogeneity can be allowed near the
origin. In this sense, NS in spherical dust collapse may be said to be mathematically unstable.
It is, however, important to note that even though NS may be unstable with respect to general perturbations (in
this case centrally inhomogeneous perturbations), they may nevertheless stabilise if restricted classes of perturbations
are allowed. In particular this seems to be the case if only physically motivated perturbations are allowed. To see this
more precisely, recall that given the forms (19) for the functions M and E, then the only way to break the central
homogeneity of (19) is by letting M3 = 0 or E2 = 0. It turns out, however, that M3 = 0 would result in a density
profile given by ρ(r) = M ′(r)/r2 that tends to zero at the center r = 0; a result contrary to the physical expectation
of the density being higher at the centre2. Similarly, letting E2 = 0, implies M3 = 0 for p0 6= 0 which would again
result in ρ to become zero at the centre.
This gives an important demonstration of the fact that instability deduced with respect to general perturbations
can become stabilised once the class of perturbations are restricted (in this case to physically motivated ones).
Having demonstrated the relation between NS and central homogeneity, it is of importance to be able to determine
the subset of the initial data that result in NS solutions. The following Lemma makes this precise.
Lemma 2: Consider the spherically symmetric dust collapse with centrally homogeneous initial data given by the
functions E and M in the form (19) and assumed to be regular. Then the set of initial data corresponding to NS as
final states possess open intervals in Mi and Ej .



















From the case (ii) of Proposition 1 we find that the occurrence of a NS solution necessitates Θu0 > 0. We also know
that G(p)− 1√
1−p < 0 for 1 ≥ p > −∞ (see (5)) and that 1√1−p − 32G(p) > 0 for 1 ≥ p > 0 and 1√1−p − 32G(p) < 0 for
0 > p > −∞. Therefore the condition Θu0 > 0 is always satisfied for the intervals
M3 ∈]1, +∞[, M4 ∈]−∞, 0[, E2 ∈]0, 1[, E3 ∈]−∞, 0[, (29)
or
M3 ∈]0, +∞[, M4 ∈]−∞, 0[, E2 ∈]−∞, 0[, E3 ∈]−∞, 0[, (30)
with all other coefficients Mi and Ej (with j ≥ 2) in (19) being real and arbitrary. In this way we have found, for
both E2 < 0 and E2 > 0, open intervals in all coefficients Mi, i ≥ 3 and Ej , j ≥ 2 such that the final state of collapse
is a NS. 2
As an example of this result, Figure 1 depicts the outcomes of the dust collapse as a function of the two parameters
M3 and E5, (while for the sake clarity the other coefficients Mi and Ej in the initial data are kept fixed). As can be
seen, there exists open neighbourhoods of the initial data (in the M3 −E5 plane) resulting in each outcome.
2In fact the condition for ρ′(0, r) > 0 is rM ′′(r) < 2M ′(r).
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